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Abstract
In the first part of this paper we try to explain to a general mathematical
audience some of the remarkable web of conjectures linking representations
of Galois groups with algebraic geometry, complex analysis and discrete sub-
groups of Lie groups. In the second part we briefly review some limited recent
progress on these conjectures.
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Introduction
The organisers requested a talk which would both be a colloquium style talk
understandable to a wide spectrum of mathematicians and one which would survey
the recent developments in the subject. I have found it hard to meet both desiderata,
and have opted to concentrate on the former. Thus the first three sections of this
paper contain a simple presentation of a web of deep conjectures connecting Galois
representations to algebraic geometry, complex analysis and discrete subgroups of
Lie groups. This will be of no interest to the specialist. My hope is that the result
is not too banal and that it will give the non-specialist some idea of what motivates
work in this area. I should stress that nothing I write here is original. In the
final section I briefly review some of what is known about these conjectures and
very briefly mention some of the available techniques. I also mention two questions
which lie outside the topic we are discussing, but which would have important
implications for it. Maybe someone can make progress on them?
Due to lack of space much of this article is too abbreviated. A somewhat
expanded version is available on my website www.math.harvard.edu/~rtaylor and
will hopefully be published elsewhere.
∗The work on this article was partially supported by NSF Grant DMS-9702885.
†Department of Mathematics, Harvard University, 1 Oxford St., Cambridge, MA 02138, USA.
E-mail: rtaylor@math.harvard.edu
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1. Galois representations
We will let Q denote the field of rational numbers and Q denote the field
of algebraic numbers, the algebraic closure of Q. We will also let GQ denote the
group of automorphisms of Q, that is Gal (Q/Q), the absolute Galois group of
Q. Although it is not the simplest it is arguably the most natural Galois group to
study. An important technical point is that GQ is naturally a (profinite) topological
group, a basis of open neighbourhoods of the identity being given by the subgroups
Gal (Q/K) as K runs over subextensions of Q/Q which are finite over Q.
To my mind the Galois theory of Q is most interesting when one looks not
only at GQ as an abstract (topological) group, but as a group with certain addi-
tional structures associated to the prime numbers. I will now briefly describe these
structures.
For each prime number p we may define an absolute value | |p on Q by setting
|α|p = p−r
if α = pra/b with a and b integers coprime to p. If we complete Q with respect to
this absolute value we obtain the field of p-adic numbers Qp, a totally disconnected,
locally compact topological field. We will write GQp for its absolute Galois group,
Gal (Qp/Qp). The absolute value | |p has a unique extension to an absolute value on
Qp and GQp is identified with the group of automorphisms of Qp which preserve | |p,
or equivalently the group of continuous automorphisms of Qp. For each embedding
Q →֒ Qp we obtain a closed embedding GQp →֒ GQ and as the embedding Q →֒ Qp
varies we obtain a conjugacy class of closed embeddings GQp →֒ GQ. Slightly
abusively, we shall consider GQp a closed subgroup of GQ, suppressing the fact that
the embedding is only determined up to conjugacy.
This can be compared with the situation ‘at infinity’. Let | |∞ denote the
usual Archimedean absolute value on Q. The completion of Q with respect to | |∞
is the field of real numbers R and its algebraic closure is C the field of complex
numbers. Each embedding Q →֒ C gives rise to a closed embedding
{1, c} = GR = Gal (C/R) →֒ GQ.
As the embedding Q →֒ C varies one obtains a conjugacy class of elements c ∈ GQ
of order 2, which we refer to as complex conjugations.
There are however many important differences between the case of finite places
(i.e. primes) and the infinite place | |∞. For instance Qp/Qp is an infinite extension
and Qp is not complete. We will denote its completion by Cp. The Galois group
GQp acts on Cp and is in fact the group of continuous automorphisms of Cp.
The elements of Qp (resp. Qp) with absolute value less than or equal to 1,
form a closed subring Zp (resp. OQp). These rings are local with maximal ideals
pZp (resp. mQp) consisting of the elements with absolute value strictly less than
1. The field OQp/mQp is an algebraic closure of the finite field with p elements
Fp = Zp/pZp, and we will denote it by Fp. Thus we obtain a continuous map
GQp −→ GFp
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which is surjective. Its kernel is called the inertia subgroup of GQp and is denoted by
IQp . The groupGFp is procyclic and has a canonical generator called the (geometric)
Frobenius element and defined by
Frob−1p (x) = x
p.
In many circumstances it is technically convenient to replace GQp by a dense sub-
group WQp , which is referred to as the Weil group of Qp and which is defined as
the subgroup of σ ∈ GQp such that σ maps to
FrobZp ⊂ GFp .
We endowWQp with a topology by decreeing that IQp with its usual topology should
be an open subgroup of WQp .
We will take a moment to describe some of the finer structure of IQp which we
will need for technical purposes later. First of all there is a (not quite canonical)
continuous surjection
IQp →
∏
l 6=p
Zl
such that
t(FrobpσFrob
−1
p ) = p
−1t(σ)
for all σ ∈ IQp . The kernel of t is a pro-p-group called the wild inertia group. The
fixed field Q
ker t
p is obtained by adjoining n
√
p to Q
IQp
p for all n coprime to p and
σ n
√
p = ζt(σ)n
n
√
p,
for some primitive nth-root of unity ζn (independent of σ, but dependent on t).
In my opinion the most interesting question about GQ is to describe it together
with the distinguished subgroups GR, GQp , IQp and the distinguished elements
Frobp ∈ GQp/IQp .
I want to focus here on attempts to describe GQ via its representations. Per-
haps the most obvious representations to consider are those representations
GQ −→ GLn(C)
with open kernel, and these so called Artin representations are already very inter-
esting. However one obtains a richer theory if one considers representations
GQ −→ GLn(Ql)
which are continuous with respect to the l-adic topology on GLn(Ql). We refer to
these as l-adic representations.
One justification for considering l-adic representations is that they arise nat-
urally from geometry. Here are some examples of l-adic representations.
1. A choice of embeddings Q →֒ C and Q →֒ Ql establishes a bijection between
isomorphism classes of Artin representations and isomorphism classes of l-adic
representations with open kernel. Thus Artin representations are a special
case of l-adic representations: those with finite image.
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2. There is a unique character
χl : GQ −→ Z×l ⊂ Q
×
l
such that
σζ = ζχl(σ)
for all l-power roots of unity ζ. This is called the l-adic cyclotomic character.
3. If X/Q is a smooth projective variety (and we choose an embedding Q ⊂ C)
then the natural action of GQ on the cohomology
Hi(X(C),Ql) ∼= Hiet(X ×Q Q,Ql)
is an l-adic representation. For instance if E/Q is an elliptic curve then we
have the concrete description
H1et(E ×Q Q,Ql) ∼= Hom Zl(lim←r E[l
r](Q),Ql) ∼= Q
2
l ,
where E[lr] denotes the lr-torsion points on E. We will write Hi(X(C),Ql(j))
for the twist
Hi(X(C),Ql)⊗ χjl .
Before discussing l-adic representations of GQ further, let us take a moment to
look at l-adic representations of GQp . The cases l 6= p and l = p are very different.
Consider first the much easier case l 6= p. Here l-adic representations of GQp are
not much different from representations of WQp with open kernel. More precisely
define a WD-representation of WQp over a field E to be a pair
r :WQp −→ GL(V )
and
N ∈ End (V ),
where V is a finite dimensional E-vector space, r is a representation with open
kernel and N is a nilpotent endomorphism which satisfies
r(φ)Nr(φ−1) = p−1N
for every lift φ ∈WQp of Frobp. The key point here is that there is no reference to a
topology on E, indeed no assumption that E is a topological field. Given r there are
up to isomorphism only finitely many choices for the pair (r,N) and these can be
explicitly listed without difficulty. A WD-representation (r,N) is called unramified
if N = 0 and r(IQp ) = {1}. It is called Frobenius semi-simple if r is semi-simple.
AnyWD-representation (r,N) has a canonical Frobenius semi-simplification (r,N)ss
(see [Tat]). In the case that E = Ql we call (r,N) l-integral if all the eigenvalues of
r(φ) have absolute value 1. This is independent of the choice of Frobenius lift φ.
If l 6= p, then there is an equivalence of categories between l-integral WD-
representations of WQp over Ql and l-adic representations of GQp . To describe it
choose a Frobenius lift φ ∈ WQp and a surjection tl : IQp → Zl. Up to natural
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isomorphism the equivalence does not depend on these choices. We associate to an
l-integral WD-representation (r,N) the unique l-adic representation sending
φnσ 7−→ r(φnσ) exp(tl(σ)N)
for all n ∈ Z and σ ∈ IQp . The key point is Grothendieck’s observation that for l 6= p
any l-adic representation of GQp must be trivial on some open subgroup of the wild
inertia group. We will write WDp(R) for the WD-representation associated to an
l-adic representationR. Note that WDp(R) is unramified if and only if R(Ip) = {1}.
In this case we call R unramified.
The case l = p is much more complicated because there are many more p-
adic representations of GQp . These have been extensively studied by Fontaine and
his co-workers. They single out certain p-adic representations which they call de
Rham representations. I will not recall the somewhat involved definition here (see
however [Fo2] and [Fo3]), but note that ‘most’ p-adic representations of GQp are not
de Rham. To any de Rham representation R of GQp on a Qp-vector space V they
associate the following.
1. A WD-representation WDp(R) of WQp over Qp (see [Berg] and [Fo4]).
2. A multiset HT(R) of dimV integers, called the Hodge-Tate numbers of R.
The multiplicity of i in HT(R) is
dim
Qp
(V ⊗Qp Cp(i))GQp ,
where Cp(i) denotes Cp withGQp -action χp(σ)
i times the usual (Galois) action
on Cp.
We now return to the global situation (i.e. to the study of GQ). The l-adic
representations of GQ that arise ‘in nature’, by which I mean ‘from geometry’, have
a number of very special properties which I will now list. Let R : GQ −→ GL(V )
be a subquotient of Hi(X(C),Ql(j)) for some smooth projective variety X/Q and
some integers i ≥ 0 and j.
1. (Grothendieck) The representation R is unramified at all but finitely many
primes p.
2. (Fontaine, Messing, Faltings, Kato, Tsuji, de Jong, see e.g. [Il], [Bert]) The
representation R is de Rham in the sense that its restriction to GQl is de
Rham.
3. (Deligne, [De]) The representation R is pure of weight w = i − 2j in the
following sense. There is a finite set of primes S, such that for p 6∈ S, the
representation R is unramified at p and for every eigenvalue α of R(Frobp)
and every embedding ι : Ql →֒ C
|ια|2∞ = pw.
In particular α is algebraic (i.e. α ∈ Q).
An amazing conjecture of Fontaine and Mazur (see [Fo1] and [FM]) asserts
that any irreducible l-adic representation of GQ satisfying the first two of these
properties arises from geometry in the above sense and so in particular also satisfies
the third property.
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Conjecture 1.1 (Fontaine-Mazur) Suppose that
R : GQ −→ GL(V )
is an irreducible l-adic representation which is unramified at all but finitely many
primes and with R|GQl de Rham. Then there is a smooth projective variety X/Q and
integers i ≥ 0 and j such that V is a subquotient of Hi(X(C),Ql(j)). In particular
R is pure of some weight w ∈ Z.
We will discuss the evidence for this conjecture later. We will call an l-adic
representation satisfying the conclusion of this conjecture geometric.
Algebraic geometers have formulated some very precise conjectures about the
action of GQ on the cohomology of varieties. We don’t have the space here to discuss
these in general, but we will formulate, in an as algebraic a way as possible, some
of their conjectures.
Conjecture 1.2 (Tate) Suppose that X/Q is a smooth projective variety. Then
there is a decomposition
Hi(X(C),Q) =
⊕
j
Mj
with the following properties.
1. For each prime l and for each embedding ι : Q →֒ Ql, Mj ⊗Q,ι Ql is an
irreducible subrepresentation of Hi(X(C),Ql).
2. For all indices j and for all primes p there is a WD-representation WDp(Mj)
of WQp over Q such that
WDp(Mj)⊗Q,ι Ql ∼= WDp(Mj ⊗Q,ι Ql)
for all primes l and all embeddings ι : Q →֒ Ql.
3. There is a multiset of integers HT(Mj) such that
(a) for all primes l and all embeddings ι : Q →֒ Ql
HT(Mj ⊗Q,ι Ql) = HT (Mj)
(b) and for all ι : Q →֒ C
dimC((Mj ⊗Q,ι C) ∩Ha,i−a(X(C),C))
is the multiplicity of a in HT (Mj).
If one considers the whole of Hi(X(C),Q) rather than its piecesMj , then part
2. is known to hold up to Frobenius semisimplification for all but finitely many
p and part 3. is known to hold (see [Il]). It follows from a theorem of Faltings
[Fa] that the whole conjecture is true for H1 of an abelian variety. The putative
constituents Mj are one incarnation of what people call ‘pure motives’.
If one believes conjectures 1.1 and 1.2 then ‘geometric’ l-adic representations
should come in compatible families as l varies. There are many ways to make precise
the notion of such a compatible family. Here is one.
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By a weakly compatible system of l-adic representations R = {Rl,ι} we shall
mean a collection of semi-simple l-adic representations
Rl,ι : GQ −→ GL(V ⊗Q,ι Ql),
one for each pair (l, ι), where l is a prime and ι : Q →֒ Ql, which satisfy the following
conditions.
• There is a multiset of integers HT(R) such that for each prime l and each
embedding ι : Q →֒ Ql the restriction Rl,ι|GQl is de Rham and HT(Rl,ι|GQl ) =
HT(R).
• There is a finite set of primes S such that if p 6∈ S thenWDp(Rl,ι) is unramified
for all l and ι.
• For all but finitely many primes p there is a Frobenius semi-simple WD-
representation WDp(R) over Q such that for all primes l 6= p and for all ι we
have
WDp(Rl,ι)
ss ∼WDp(R).
We make the following subsidiary definitions.
• We call R strongly compatible if the last condition (the existence of WDp(R))
holds for all primes p.
• We call R irreducible if each Rl,ι is irreducible.
• We call R pure of weight w ∈ Z, if for all but finitely many p and for all
eigenvalues α of rp(Frobp), where WDp(R) = (rp, Np), we have
|ια|2∞ = pw
for all embeddings ι : Q →֒ C.
• We call R geometric if there is a smooth projective variety X/Q and integers
i ≥ 0 and j and a subspace
W ⊂ Hi(X(C),Q)
such that for all l and ι, W ⊗
Q,ι Ql is GQ invariant and realises Rl,ι.
Conjectures 1.1 and 1.2 lead one to make the following conjecture.
Conjecture 1.3 1. If R : GQ → GLn(Ql) is a continuous semi-simple de Rham
representation unramified at all but finitely many primes then R is part of a
weakly compatible system.
2. Any weakly compatible system is strongly compatible.
3. Any irreducible weakly compatible system R is geometric and pure of weight
(2/ dimR)∑h∈HT(R) h.
A famous theorem of Cebotarev asserts that if K/Q is any Galois extension
in which all but finitely many primes are unramified (i.e. for all but finitely many
primes p the image of IQp in Gal (K/Q) is trivial) then the Frobenius elements at
unramified primes Frobp ∈ Gal (K/Q) are dense in Gal (K/Q). It follows that an
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irreducible weakly compatible system R is uniquely determined by WDp(R) for all
but finitely many p and hence by one Rl,ι.
Conjectures 1.1 and 1.3 are known for one dimensional representations, in
which case they have purely algebraic proofs based on class field theory (see [Se]).
Otherwise only fragmentary cases have been proved, where amazingly the arguments
are extremely indirect involving sophisticated analysis and geometry. We will come
back to this later.
2. L-functions
L-functions are certain Dirichlet series
∞∑
n=1
an/n
s
which play an important role in number theory. A full discussion of the role of L-
functions in number theory is beyond the scope of this talk. The simplest example
of an L-function is the Riemann zeta function
ζ(s) =
∞∑
n=1
1/ns.
It converges to a holomorphic function in the half plane Re s > 1 and in this region
of convergence it can also be expressed as a convergent infinite product over the
prime numbers
ζ(s) =
∏
p
(1− 1/ps)−1.
This is called an Euler product and the individual factors are called Euler factors.
Lying deeper is the fact that ζ(s) has meromorphic continuation to the whole com-
plex plane, with only one pole: a simple pole at s = 1. Moreover if we set
Z(s) = π−s/2Γ(s/2)ζ(s)
then Z satisfies the functional equation
Z(1− s) = Z(s).
Encoded in the Riemann zeta function is lots of deep arithmetic information. For
instance the location of the zeros of ζ(s) is intimately connected with the distribu-
tion of prime numbers. Moreover its special values at negative integers (where it
is only defined by analytic continuation) turn out to be rational numbers encoding
deep arithmetic information about the cyclotomic fields Q(e2pi
√−1/p).
Another celebrated example is the L-function of an elliptic curve E:
y2 = x3 + ax+ b.
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In this case the L-function is defined as an Euler product (converging in Re s > 3/2)
L(E, s) =
∏
p
Lp(E, p
−s),
where Lp(E,X) is a rational function, and for all but finitely many p
Lp(E,X) = (1− ap(E)X + pX2)−1,
with p− ap(E) being the number of solutions to the congruence
y2 ≡ x3 + ax+ b mod p
in F2p. It has recently been proved [BCDT] that L(E, s) can be continued to an
entire function, which satisfies a functional equation
(2π)−sΓ(s)L(E, s) = ±N(E)1−s(2π)s−2Γ(2− s)L(E, 2− s),
for some explicit positive integer N(E). A remarkable conjecture of Birch and
Swinnerton-Dyer [BSD] predicts that y2 = x3 + ax+ b has infinitely many rational
solutions if and only if L(E, 1) = 0. Again we point out that it is the behaviour of
the L-function at a point where it is only defined by analytic continuation, which
is governing the arithmetic of E. This conjecture has been proved (see [Kol]) when
L(E, s) has at most a simple zero at s = 1.
One general setting in which one can define L-functions is l-adic representa-
tions. Let us look first at the local setting. If (r,N) is a WD-representation of WQp
on an E-vector space V , where E is an algebraically closed field of characteristic
zero, we define a local L-factor
L((r,N), X) = det(1 −XFrobp)|−1
V
IQp
,N=0 ∈ E(X).
(V IQp ,N=0 is the subspace of V where IQp acts trivially and N = 0.) One can also
associate to (r,N) a conductor f(r,N) ∈ Z≥0, which measures how deeply into IQp
the WD-representation (r,N) is nontrivial, and a local epsilon factor ǫ((r,N),Ψp) ∈
E, which also depends on the choice of a non-trivial character Ψp : Qp → E× with
open kernel. (See [Tat].)
If R : GQ → GL(V ) is an l-adic representation of GQ which is de Rham at l
and pure of some weight w ∈ Z, and if ι : Ql →֒ C we will define an L-function
L(ιR, s) =
∏
p
L(ιWDp(R), p
−s),
which will converge to a holomorphic function in Re s > 1 + w/2. For example
L(1, s) = ζ(s)
and if E/Q is an elliptic curve then
L(ιH1(E(C),Ql), s) = L(E, s)
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(for any ι). Note the useful formulae
L(ι(R1 ⊕R2), s) = L(ιR1, s)L(ιR2, s) and L(ι(R⊗ χrl ), s) = L(ιR, s+ r).
Also note that L(ιR, s) determines L(WDp(R), X) for all p and hence WDp(R)
ss for
all but finitely many p. Hence by the Cebotarev density theorem L(ιR, s) determines
R (up to semisimplification).
Write mRi for the multiplicity of an integer i in HT(R) and, if w/2 ∈ Z, define
mRw/2,± ∈ (1/2)Z by:
mRw/2,+ +m
R
w/2,− = m
R
w/2
mRw/2,+ −mRw/2,− = (−1)w/2(dim V c=1 − dimV c=−1).
Assume that mRw/2,± are integers, i.e. that m
R
w/2 ≡ dim V mod 2. Then we can
define a Γ-factor, Γ(R, s), which is a product of functions π−(s+a)/2Γ((s+ a)/2) as
a runs over a set of integers depending only on the numbers mRi and m
R
w/2,±. We
can also define an epsilon factor ǫ∞(R,Ψ∞) ∈ C× which again only depends on
mRi , m
R
w/2,± and a non-trivial character Ψ∞ : R → C×. Set
Λ(ιR, s) = Γ(R, s)L(ιR, s)
and
N(R) =
∏
p
pf(WDp(R))
(which makes sense as f(WDp(R)) = 0 for all but finitely many p) and
ǫ(ιR) = ǫ∞(R, e2pi
√−1x)
∏
p
ιǫ(WDp(R),Ψp),
where ιΨp(x) = e
−2pi√−1x.
The following conjecture is a combination of conjecture 1.1 and conjectures
which have become standard.
Conjecture 2.1 Suppose that R is an irreducible l-adic representation of GQ which
is de Rham and pure of weight w ∈ Z. Then mRp = mRw−p for all p, so that
mw/2 ≡ dim V mod 2. Moreover the following should hold.
1. L(ιR, s) extends to an entire function, except for a single simple pole if R =
χ
−w/2
l .
2. Λ(ιR, s) is bounded in vertical strips σ0 ≤ Re s ≤ σ1.
3. Λ(ιR, s) = ǫ(ιR)N(R)−sΛ(ιR∨, 1− s).
It is tempting to believe that something like properties 1., 2. and 3. should
characterise those Euler products which arise from l-adic representations. We will
discuss a more precise conjecture along these lines in the next section. Why Ga-
lois representations should be the source of Euler products with good functional
equations seems a complete mystery.
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3. Automorphic forms
Automorphic forms may be thought of as certain smooth functions on the
quotient GLn(Z)\GLn(R). We need several preliminaries before we can make a
precise definition.
Let Ẑ denote the profinite completion of Z, i.e.
Ẑ = lim
←N
Z/NZ =
∏
p
Zp,
a topological ring. Also let A∞ denote the topological ring of finite adeles
A∞ = Ẑ⊗Z Q,
where Ẑ is an open subring with its usual topology. As an abstract ring, A∞ is the
subring of
∏
p Qp consisting of elements (xp) with xp ∈ Zp for all but finitely many
p. However the topology is not the subspace topology. We define the topological
ring of adeles to be the product
A = A∞ × R.
Note that Q embeds diagonally as a discrete subring of A with compact quotient
Q\A = Ẑ× Z\R.
We will be interested in GLn(A), the locally compact topological group of
n × n invertible matrices with coefficients in A. We remark that the topology on
GLn(A) is the subspace topology resulting from the closed embedding
GLn(A) →֒ Mn(A)×Mn(A)
g 7→ (g, g−1).
GLn(Q) is a discrete subgroup of GLn(A) and the quotient GLn(Q)\GLn(A) has
finite volume. If U ⊂ GLn(Ẑ) is an open subgroup with detU = Ẑ×, then
GLn(Q)\GLn(A)/U = (GLn(Q) ∩ U)\GLn(R).
Note that GLn(Q) ∩ U is a subgroup of GLn(Z) of finite index. Most of the state-
ments we make concerning GLn(A) can be rephrased to involve only GLn(R), but
at the expense of making them much more cumbersome. To achieve brevity (and
because it seems more natural) we have opted to use the language of adeles. We
hope that this extra abstraction will not be too confusing for the novice.
Before continuing our introduction of automorphic forms let us digress to men-
tion class field theory, which provides a concrete example of the presentational ad-
vantages of the adelic language. It also implies essentially all the conjectures we
are considering in the case of one dimensional Galois representations. Indeed this
article is about the search for a non-abelian analogue of class field theory. Class
field theory gives a concrete description of the abelianisation (maximal continuous
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abelian quotient) GabQ of GQ and W
ab
Qp
of WQp . First the local theory asserts that
there is an isomorphism
Art p : Q
×
p
∼→W abQp
with various natural properties, including the facts that Art (Z×p ) is the image of
the inertia group IQp in W
ab
Qp
, and that the induced map
Q×p /Z
×
p −→W abQp/IQp ⊂ GFp
takes p to the geometric Frobenius element Frobp. Secondly the global theory asserts
that there is an isomorphism
Art : A×/Q×R×>0
∼→ GabQ
such that the restriction of Art to Q×p coincides with the composition of Art p with
the natural map W abQp → GabQ . Thus Art is defined completely from a knowledge of
the Art p (and the fact that Art takes −1 ∈ R× to complex conjugation) and the
reciprocity theorem of global class field theory can be thought of as a determination
of the kernel of
∏
pArt p.
We now return to our (extended) definition of automorphic forms. For each
partition n = n1+n2 let Nn1,n2 denote the subgroup of GLn consisting of matrices
of the form (
In1 ∗
0 In2
)
.
Let O(n) ⊂ GLn(R) denote the orthogonal subgroup. Let zn denote the centre
of the universal enveloping of gln, the complexified Lie algebra of GLn(R) (i.e.
gln = Mn(C) with [X,Y ] = XY − Y X). Via the Harish-Chandra isomorphism
(see for example [Dix]) we may identify homomorphisms zn → C with multisets
of n complex numbers. We will write χH for the homomorphism corresponding to
a multiset H . Thus zn acts on the irreducible finite dimensional gln-module with
highest weight (a1, ..., an) ∈ Zn (a1 ≥ ... ≥ an) by χ{a1+(n−1)/2,...,an+(1−n)/2}.
Fix such a multiset H of cardinality n. The space of cusp forms with infinites-
imal character H , A◦H(GLn(Q)\GLn(A)) is the space of smooth bounded functions
f : GLn(Q)\GLn(A) −→ C
satisfying the following conditions.
1. (K-finiteness) The translates of f under GLn(Ẑ)×O(n) (where O(n) denotes
the orthogonal group) span a finite dimensional vector space;
2. (Infinitesimal character H) If z ∈ zn then zf = χH(z)f ;
3. (Cuspidality) For each partition n = n1 + n2,∫
Nn1,n2(Q)\Nn1,n2(A)
f(ug)du = 0.
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Note that if U ⊂ GLn(Ẑ) is an open subgroup with detU = Ẑ× then one may think
of A◦H(GLn(Q)\GLn(A))U as a space of functions on (GLn(Q) ∩ U)\GLn(R).
One would like to study A◦H(GLn(Q)\GLn(A)) as a representation of GLn(A),
unfortunately it is not preserved by the action of GLn(R) (because the K-finiteness
condition depends on the choice of a maximal compact subgroup O(n) ⊂ GLn(R)).
It does however have an action ofGLn(A
∞)×O(n) and of gln, which is essentially as
good. More precisely it is an admissible GLn(A
∞)×(gln, O(n))-module in the sense
of [Fl]. In fact it is a direct sum of irreducible, admissible GLn(A
∞)× (gln, O(n))-
modules each occurring with multiplicity one. We will (slightly abusively) refer to
these irreducible constituents as cuspidal automorphic representations of GLn(A)
with infinitesimal character H .
A◦{0}(Q×\A×) is just the space of locally constant functions on A×/Q×R×>0
and so cuspidal automorphic representations of GL1(A) with infinitesimal character
{0}, are just the (finite order) complex valued characters of A×/Q×R×>0 ∼= Ẑ×,
i.e. Dirichlet characters. A◦{s}(Q×\A×) is simply obtained from A◦{0}(Q×\A×) by
twisting by || ||s, where || || : A×/Q× → R×>0 is the product of the absolute values
| |x. Thus in the case n = 1 cuspidal automorphic representations are essentially
Dirichlet characters.
The case n = 2 is somewhat more representative. In this case we have
A◦{s,t}(GL2(Q)\GL2(A)) = (0) unless s− t ∈ iR, s− t ∈ Z or s− t ∈ (−1, 1). It is
conjectured that the third possibility can not arise unless s = t. Let us consider the
case s− t ∈ Z>0 a little further. If s− t ∈ Z>0 then it turns out that the irreducible
constituents of A◦{s,t}(GL2(Q)\GL2(A)) are in bijection with the weight 1 + s − t
holomorphic cusp forms on the upper half plane, which are normalised newforms
(see for example [Mi]). Thus in some sense cuspidal automorphic representations
are are also generalisations of classical holomorphic normalised newforms.
Note that if ψ is a character of A×/Q×R×>0 and if π is a cuspidal automorphic
representation of GLn(A) with infinitesimal character H then π⊗ (ψ ◦det) is also a
cuspidal automorphic representation with infinitesimal character H and the contra-
gredient (dual) π∗ of π is a cuspidal automorphic representation with infinitesimal
character −H = {−h : h ∈ H}.
One of the main questions in the theory of automorphic forms is to describe
the irreducible constituents of A◦H(GLn(Q)\GLn(A)). If we are to do this we first
need some description of all irreducible admissible GLn(A
∞)×(gln, O(n))-modules,
and then we can try to say which occur in A◦H(GLn(Q)\GLn(A)).
Just as a character ψ : A× → C× can be factored as
ψ = ψ∞ ×
∏
p
ψp
where ψp : Q
×
p → C× (resp. ψ∞ : R× → C×), so an irreducible, admissible
GLn(A
∞)×(gln, O(n))-module can be factorised as a restricted tensor product (see
[Fl])
π ∼=
⊗
x
′
πx,
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where π∞ is an irreducible, admissible (gln, O(n))-module (see for example [Wa]),
and each πp is an irreducible smooth (i.e. stabilisers of vectors are open in GLn(Qp))
representation of GLn(Qp) with π
GLn(Zp)
p 6= (0) for all but finitely many p. To the
factors πx one can associate various invariants (see [J]).
• A central character ψx : Q×x → C×.
• L-factors L(πp, X) ∈ C(X).
• A Γ-factor Γ(π∞, s).
• Conductors f(πp) ∈ Z≥0.
• For each non-trivial character Ψx : Qx → C× an epsilon factor ǫ(πx,Ψx) ∈ C×.
(We also remark that zn acts via a character zn → C on any irreducible, admissible
(gln, O(n))-module π∞. This character is called the infinitesimal character of π∞.)
Now we may attach to π
• a central character ψpi =
∏
x ψx : A
× → C×;
• an L-function L(π, s) =∏p L(πp, p−s) (which may or may not converge);
• an extended L-function Λ(π, s) = Γ(π∞, s)L(π, s);
• a conductor N(π) = ∏p pf(pip) (which makes sense because f(πp) = 0 when
π
GLn(Zp)
p 6= (0));
• and an epsilon constant ǫ(π) =∏x ǫ(πx,Ψx) ∈ C× where∏xΨx : A/Q → C×
is any non-trivial character.
The following theorem and conjecture describe the (expected) relationship
between automorphic forms and L-functions with Euler product and functional
equation. We suppose n > 1. A similar theorem to theorem 3.1 is true for n = 1,
except that L(π, s) may have one simple pole. In this case it was due to Dirichlet.
Conjecture 3.2 becomes vacuous if n = 1.
Theorem 3.1 (Godement-Jacquet, [GJ]) Suppose that π is an irreducible
constituent of A◦H(GLn(Q)\GLn(A)) with n > 1. Then L(π, s) converges to a holo-
morphic function in some right half complex plane Re s > σ and can be continued
to a holomorphic function on the whole complex plane so that Λ(π, s) is bounded in
all vertical strips σ1 ≥ Re s ≥ σ2. Moreover Λ(π, s) satisfies the functional equation
Λ(π, s) = ǫ(π)N(π)−sΛ(π∗, 1− s).
Conjecture 3.2 (Cogdell-Piatetski-Shapiro, [CPS1]) Suppose that π is an irreducible,
admissible GLn(A
∞) × (gln, O(n))-module such that the central character of π is
trivial on Q× and such that L(π, s) converges in some half plane. Suppose also that
for all characters ψ : A×/Q×R×>0 → C× the L-function Λ(π ⊗ (ψ ◦ det), s) (which
will then converge in some right half plane) can be continued to a holomorphic func-
tion on the entire complex plane, which is bounded in vertical strips and satisfies a
functional equation
Λ(π ⊗ (ψ ◦ det), s) = ǫ(π ⊗ (ψ ◦ det))N(π ⊗ (ψ ◦ det))−sΛ(π∗ ⊗ (ψ−1 ◦ det), 1− s).
(Λ(π∗⊗ (ψ−1 ◦det), s) also automatically converges in some right half plane.) Then
there is a partition n = n1 + ... + nr and cuspidal automorphic representations πi
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of GLni(A) such that
Λ(π, s) =
r∏
i=1
Λ(πi, s).
This conjecture is known to be true for n = 2 ([We], [JL]) and n = 3 ([JPSS]).
For n > 3 a weaker form of this conjecture involving twisting by higher dimensional
automorphic representations is known to hold (see [CPS1], [CPS2]). These results
are called ‘converse theorems’.
The reason for us introducing automorphic forms is because of a putative con-
nection to Galois representations, which we will now discuss. But first let us discuss
the local situation. It has recently been established ([HT], [He], [Ha]) that there
is a natural bijection, recp, from irreducible smooth representations of GLn(Qp) to
n-dimensional Frobenius semi-simple WD-representations of WQp over C. The key
point here is that the bijection should be natural. We will not describe here exactly
what this means (instead we refer the reader to the introduction to [HT]). It does
satisfy the following.
• ψpi ◦Art−1p = det recp(π), where ψpi is the central character of π.
• L(recp(π), X) = L(π,X).
• f(recp(π)) = f(π).
• ǫ(recp(π),Ψp) = ǫ(π,Ψp) for any non-trivial character Ψp : Qp → C×.
The existence of recp can be seen as a non-abelian generalisation of local class field
theory, as in the case n = 1 we have recp(π) = π ◦Art−1p .
Now suppose that ι : Ql → C and that R is a de Rham l-adic representation of
GQ which is unramified at all but finitely many primes. Using the local reciprocity
map recp, we can associate to R an irreducible, admissible GLn(A
∞)× (gln, O(n))-
module
π(ιR) = π∞(R)⊗
∏
p
rec−1p (ιWDp(R)),
where π∞(R) is a tempered irreducible, admissible (gln, O(n))-module with in-
finitesimal character HT(R|GQl ) and with Γ(π∞(R), s) = Γ(R, s). The definition
of π∞(R) depends only on the numbers mRi and m
R
w/2,±. Then we have the follow-
ing conjectures.
Conjecture 3.3 Suppose that H is a multiset of n integers and that π is an irre-
ducible constituent of A◦H(GLn(Q)\GLn(A)). Identify Q ⊂ C. Then each recp(πp)
can be defined over Q and there is an irreducible geometric strongly compatible sys-
tem of l-adic representations R such that HT(R) = H and WDp(R)ss = recp(πp)
for all primes p.
Conjecture 3.4 Suppose that
R : GQ −→ GL(V )
is an irreducible l-adic representation which is unramified at all but finitely many
primes and for which R|GQl is de Rham. Let ι : Ql → C. Then π(ιR) is a cuspidal
automorphic representation of GLn(A).
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These conjectures are essentially due to Langlands [Lan1], except we have used
a precise formulation which follows Clozel [Cl1] and we have incorporated conjecture
1.1 into conjecture 3.4.
Conjecture 3.4 is probably the more mysterious of the two, as only the case
n = 1 and fragmentary cases where n = 2 are known. This will be discussed further
in the next section. Note the similarity to the main theorem of global class field
theory that
∏
pArt p : A
× → GabQ has kernel Q×.
The following theorem provides significant evidence for conjecture 3.3.
Theorem 3.5 ([Kot], [Cl2], [HT]) Suppose that H is multiset of n distinct integers
and that π is an irreducible constituent of A◦H(GLn(Q)\GLn(A)). Let ι : Ql →֒ C.
Suppose moreover that π∗ ∼= π ⊗ (ψ ◦ det) for some character ψ : A×/Q× → C×,
and that either n ≤ 2 or for some prime p the representation πp is square integrable
(i.e. recp(πp) is indecomposable). Then there is a continuous representation
Rl,ι : GQ −→ GLn(Ql)
with the following properties.
1. Rl,ι is geometric and pure of weight 2/n
∑
h∈H h.
2. Rl,ι|GQl is de Rham and HT(Rl,ι|GQl ) = H.
3. For any prime p 6= l there is a representation rp : WQp → GLn(Ql) such that
WDp(Rl,ι)
ss = (rp, Np) and recp(πp) = (ιrp, N
′
p).
This was established by finding the desired l-adic representations in the co-
homology of certain unitary group Shimura varieties. It seems not unreasonable
to hope that similar techniques might allow one to improve many of the technical
defects in the theorem. However Clozel has stressed that in the cases where H
does not have distinct elements or where π∗ 6∼= π ⊗ (ψ ◦ det), there seems to be no
prospect of finding the desired l-adic representations in the cohomology of Shimura
varieties. It seems we need a new technique.
4. What do we know?
Let us first summarise in a slightly less precise way the various conjectures
we have made, in order to bring together the discussion so far. Fix an embedding
Q →֒ C and let H be a multiset of integers of cardinality n > 1. Then the following
sets should be in natural bijection. One way to make precise the meaning of ‘natural’
is to require that two objects M and M ′ should correspond if the local L-factors
Lp(M,X) and Lp(M
′, X) are equal for all but finitely many p. Note that in each
case the factors Lp(M,X) for all but finitely many p, completely determine M .
(AF) Irreducible constituents π of A◦H(GLn(Q)\GLn(A)).
(LF) Near equivalence classes of irreducible, admissible GLn(A
∞) × (gln, O(n))-
modules π with the following properties. (We call two GLn(A
∞)×(gln, O(n))-
modules, π and π′ nearly equivalent if πp ∼= π′p for all but finitely many p.)
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(a) π∞ has infinitesimal character H .
(b) The central character ψpi is trivial on Q
× ⊂ A×.
(c) For all characters ψ : A×/Q×R×>0 the L-function Λ(π ⊗ (ψ ◦ det), s)
converges in some right half plane, has holomorphic continuation to the
entire complex plane so that it is bounded in vertical strips and satisfies
the functional equation
Λ(π ⊗ ψ, s) = ǫ(π ⊗ ψ)N(π ⊗ ψ)−sΛ(π∗ ⊗ ψ−1, 1− s).
(d) (See [JS] for an explanation of this condition.) There is a finite set of
primes S containing all primes p for which recp(πp) is ramified, such that,
writing L(πp, X) =
∏n
i=1(1− αp,iX)−1 for p 6∈ S,
∑
p6∈S,i,j
∞∑
m=1
αmp,iα
−m
p,j /mp
ms + log(s− 1)
is bounded as s→ 1 from the right.
In this case Lp(π,X) = L(πp, X).
(lR) (Fix ι : Ql → C.) Irreducible l-adic representations
R : GQ −→ GLn(Ql)
which are unramified at all but finitely many primes and for which
R|GQl is de Rham with HT(R|GQl ) = H . In this case Lp(R,X) =
ιL(WDp(R), X).
(WCS) Irreducible weakly compatible systems of l-adic representations R
with
HT(R) = H . In this case Lp(R, X) = Lp(WDp(R), X).
(GCS) Irreducible geometric strongly compatible systems of l-adic represen-
tations R with HT(R) = H . In this case Lp(R, X) = Lp(WDp(R), X).
For n = 1 we must drop the item (LF ), because it would need to be modified
to allow L(π⊗ (ψ ◦ det), s) to have a simple pole, while, in any case condition (LF)
(b) would make the implication (LF ) =⇒ (AF ) trivial. This being said, in the case
n = 1 all the other four sets are known to be in natural bijection (see [Se]). This
basically follows because global class field theory provides an isomorphism
Art : A×/Q×R×>0
∼−→ GabQ .
I would again like to stress how different are these various sorts of objects and
how surprising it is to me that there is any relation between them. Items (AF) and
(LF) both concern representations of adele groups, but arising in rather different
settings: either from the theory of discrete subgroups of Lie groups or from the
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theory of L-functions with functional equation. Items (lR) and (WCS) arise from
Galois theory and item (GCS) arises from geometry.
So what do we know about the various relationships for n > 1?
Not much. Trivially one has (GCS) =⇒ (WCS) =⇒ (lR). The passage
(AF ) =⇒ (LF ) is OK by theorem 3.1. As discussed in section 3 we have significant
partial results in the directions (LF ) =⇒ (AF ) and (AF ) =⇒ (GCS), but both
seem to need new ideas. (Though I should stress that I am not really competent to
discuss converse theorems.)
One way to establish the equivalence of all five items would be to complete
the passages (LF ) =⇒ (AF ) and (AF ) =⇒ (GCS) and to establish the passage
(lR) =⇒ (AF ). It is these implications which have received most study, though it
should be pointed out that in the function field case the equivalence of the analogous
objects was established by looking at the implications
(lR) =⇒ (LF ) =⇒ (AF ) =⇒ (GCS).
(See [Laf]. It is the use of techniques from Grothendieck’s l-adic cohomology to prove
the first of these implications which is most special to function fields.) However it
is striking that in the case of number fields all known implications from items (lR),
(WCS) or (GCS) to (LF) go via (AF).
For the rest of this article we will concentrate on what still seems to be the least
understood problem: the passage from (lR) or (WCS) to (AF) or (LF). Although
the results we have are rather limited one should not underestimate their power.
Perhaps the most striking illustration of this is that the lifting theorems discussed in
section 4.4 (combined with earlier work using base change and converse theorems)
allowed Wiles [Wi] to finally prove Fermat’s last theorem.
The discussion in the rest of this paper will of necessity be somewhat more
technical. In particular we will need to discuss automorphic forms, l-adic represen-
tations and so on over general number fields (i.e. fields finite over Q). We will leave
it to the reader’s imagination exactly how such a generalisation is made. In this
connection we should remark that if L/K is a finite extension of number fields and
if R is a semi-simple de Rham l-adic representation of GL which is unramified at
all but finitely many primes, then (see [A])
L(R, s) = L(IndGKGL R, s)
(formally if the L-functions don’t converge). In fact this is true Euler factor by
Euler factor and similar results hold for conductors and ǫ-factors (see [Tat]). This
observation can be extremely useful.
4.1 Cyclic base change
Suppose that G is a group, H a normal subgroup such that G/H is cyclic
with generator of σ. It is an easy exercise that an irreducible representation r of H
extends to a representation of G if and only if rσ ∼= r as representations of H . If
one believes conjectures 3.3 and 3.4, one might expect that if L/K is a cyclic Galois
extension of number fields of prime order, if σ generates Gal (L/K) and if π is a
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cuspidal automorphic representation of GLn(AL) with π ◦ σ ∼= π, then there should
be a cuspidal automorphic representation Π of GLn(AK), such that for all places w
of L we have recw(πw) = recw|K (Πw|K )|WLw . This is indeed the case. For n = 1 we
have π = Π ◦NL/K , Langlands [Lan2] proved it for n = 2 using the trace formula
and Arthur and Clozel [AC] generalised his method to all n.
One drawback of this result is that if v is a place of K inert in L then there
is no complete recipe for Πv in terms of π. This can be surprisingly serious. It can
however be alleviated, if we know how to associate irreducible l-adic representations
to both Π and π. Langlands used this to show that many two dimensional Artin
representations (i.e. l-adic representations with finite image) were automorphic
(i.e. associated to a cuspidal automorphic representation). In fact using additional
results from the theory of L-functions, particularly the converse theorem for GL3
(see section 4.3), he and Tunnell ([Tu]) were able to establish the automorphy of all
continuous two dimensional Artin representations with soluble image.
4.2 Brauer’s theorem
The result I want to discuss is a result of Brauer [Br] about finite groups.
Theorem 4.1 (Brauer) Suppose that r is a representation of a finite group G.
Then there are soluble subgroups Hi < G, one dimensional representations ψi of Hi
and integers ni such that as virtual representations of G we have
r =
∑
i
niInd
G
Hiψi.
As Artin [A] had realised this theorem has the following immediate conse-
quence. (Indeed Brauer proved his theorem in response to Artin’s work.)
Corollary 4.2 Let ι : Ql → C. Suppose that
R : GQ −→ GLn(Ql)
is an l-adic representation with finite image. Then the L-function L(ιR, s) has
meromorphic continuation to the entire complex plane and satisfies the expected
functional equation.
Artin’s argument runs as follows. Let G denote the image of R and write
R =
∑
i
niInd
G
Hiψi
as in Brauer’s theorem. Let L/Q be the Galois extension with group G cut out by
R and let Ki = L
Hi . Then one has equalities
L(ιR, s) =
∏
i L(ιInd
GQ
GKi
ψi, s)
ni
=
∏
i L(ιψi, s)
ni .
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By class field theory for the fields Ki, the character ψi is automorphic on GL1(AKi)
and so L(ιψi, s) has holomorphic continuation to the entire complex plane (except
possibly for one simple pole if ψi = 1) and satisfies a functional equation. It follows
that L(ιR, s) has meromorphic continuation to the entire complex plane and satisfies
a functional equation. The problem with this method is that some of the integers ni
will usually be negative so that one can only conclude the meromorphy of L(ιR, s),
not its holomorphy.
4.3 Converse theorems
As Cogdell and Piatetski-Shapiro point out, conjecture 3.2 would have very
important implications for Galois representations. For instance the cases n = 2
and 3 played a key role in the proof of the automorphy of two dimensional Artin
representations (see 4.1). Conjecture 3.2 combined with Brauer’s theorem and a
result of Jacquet and Shalika [JS] in fact implies that many (all? - certainly those
with soluble or perfect image) Artin representations are automorphic. A similar
argument shows that in many other cases, in order to check the automorphy of
an l-adic representation of GQ, it suffices to do so after a finite base change. For
instance one has the following result.
Assume conjecture 3.2. Let ι : Ql →֒ C and let K/Q be a finite, totally
real Galois extension. Suppose that Π is a cuspidal automorphic representation of
GLn(AK) with infinitesimal character corresponding to a multiset H consisting of
n distinct integers. If n > 2 also suppose that Πv is square integrable (i.e. recv(Πv)
is indecomposable) for some finite place v of K. Let
R : GQ −→ GLn(Ql)
be an l-adic representation such that R ∼ R∗ ⊗ ψ for some character ψ of GQ, and
such that R|GK is irreducible. Suppose finally that R|GK and Π are associated, in
the sense that, for all but finitely many places v of K, we have
ιL(WDv(R|GK ), X) = L(Πv, X).
Then there is a regular algebraic cuspidal automorphic representation π of GLn(A)
associated to R in the same sense.
4.4 Lifting theorems
To describe this sort of theorem we first remark that if R : GQ → GLn(Ql)
is continuous then after conjugating R by some element of GLn(Ql) we may as-
sume that the image of R is contained in GLn(OQl) and so reducing we obtain a
continuous representation
R : GQ −→ GLn(Fl).
The lifting theorems I have in mind are results of the general form if R and R′
are l-adic representations of GQ with R
′ automorphic and if R = R
′
then R is also
automorphic. Very roughly speaking the technique (pioneered by Wiles [Wi] and
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completed by the author and Wiles [TW]) is to show that R mod lr arises from auto-
morphic forms for all r by induction on r. As ker(GLn(Z/l
rZ)→ GLn(Z/lr−1Z)) is
an abelian group one is led to questions of class field theory and Galois cohomology.
I should stress that such theorems are presently available only in very limited
situations. I do not have the space to describe the exact limitations, which are
rather technical, but the sort of restrictions that are common are as follows.
1. If R : GQ → GL(V ) then there should be a character µ : GQ → GLn(Ql) and
a non-degenerate bilinear form ( , ) on V such that
• (R(σ)v1, R(σ)v2) = µ(σ)(v1, v2) and
• (v2, v1) = µ(c)(v1, v2).
(This seems to be essential for the method of [TW].)
2. R should be de Rham with distinct Hodge-Tate numbers. (This again seems
essential to the method of [TW], but see [BT].)
3. Either R and R′ should be ordinary (i.e. their restrictions to GQl should
be contained in a Borel subgroup); or R and R′ should be crytsalline (not
just de Rham) at l with the same Hodge-Tate numbers and l should be large
compared with the differences of elements of HT(R). (The problems here
are connected with the need for an integral Fontaine theory, but they are
not simply technical problems. There are some complicated results pushing
back this restriction in isolated cases, see [CDT], [BCDT], [Sa], but so far our
understanding is very limited.)
4. The image of R should not be too small (e.g. should be irreducible when
restricted to Q(e2pii/l)), though in the case n = 2 there is beautiful work of
Skinner and Wiles ([SW1] and [SW3]) dispensing with this criterion, which
this author has unfortunately not fully understood.
In addition, all the published work is for the case n = 2. However there is
ongoing work of a number of people attempting to dispense with this assumption.
Using a very important insight of Diamond [Dia], the author, together with L.Clozel
and M.Harris, has generalised to all n the so called minimal case (originally treated
in [TW]) where R is no more ramified than R. One would hope to be able to deduce
the non-minimal case from this, as Wiles did in [Wi] for n = 2. In this regard one
should note the work of Skinner and Wiles [SW2] and the work of Mann [Ma].
However there seems to be one missing ingredient, the analogue of the ubiquitous
Ihara lemma, see lemma 3.2 of [Ih] (and also theorem 4.1 of [R]). As this seems to
be an important question, but one which lies in the theory of discrete subgroups
of Lie groups, let us take the trouble to formulate it, in the hope that an expert
may be able to prove it. It should be remarked that there are a number of possible
formulations, which are not completely equivalent and any of which would seem to
suffice. We choose to present one which has the virtue of being relatively simple to
state.
Conjecture 4.3 Suppose that G/Q is a unitary group which becomes an inner
form of GLn over an imaginary quadratic field E. Suppose that G(R) is compact.
Let l be a prime which one may assume is large compared to n. Let p1 and p2 be
distinct primes different from l with G(Qp1)
∼= GLn(Qp1) and G(Qp2) ∼= GLn(Qp2).
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Let U be an open compact subgroup of G(Ap1,p2) and consider the representation
of GLn(Qp1) × GLn(Qp2) on the space C∞(G(Q)\G(A)/U,Fl) of locally constant
Fl-valued functions on
G(Q)\G(A)/U = (G(Q) ∩ U)\(GLn(Qp1)×GLn(Qp2).
(Note that G(Q) ∩ U is a discrete cocompact subgroup of GLn(Qp1) × GLn(Qp2).)
Suppose that π1⊗π2 is an irreducible sub-representation of C∞(G(Q)\G(A)/U,Fl)
with π1 generic. Then π2 is also generic.
The most serious problem with applying such lifting theorems to prove an l-
adic representation R is automorphic is the need to find some way to show that R is
automorphic. The main success of lifting theorems to date, has been to show that if
E is an elliptic curve over the rationals then H1(E(E),Ql) is automorphic, so that
E is a factor of the Jacobian of a modular curve and the L-function L(E, s) is an
entire function satisfying the expected functional equation ([Wi], [TW],[BCDT]).
This was possible because GL2(Z3) happens to be a pro-soluble group and there
is a homomorphism GL2(F3) −→ GL2(Z3) splitting the reduction map. The Artin
representation
GQ −→ GL(H1(E(C),F3)) −→ GL2(Z3)
is automorphic by the Langlands-Tunnell theorem alluded to in section 4.1.
4.5 Other techniques?
I would like to discuss one other technique which has been some help if n = 2
and may be helpful more generally. We will restrict our attention here to the case
n = 2 and detR(c) = −1. We have said that the principal problem with lifting
theorems for proving an l-adic representation R : GQ → GL2(Ql) is automorphic
is that one needs to know that R is automorphic. This seems to be a very hard
problem. Nonetheless one can often show that R becomes automorphic over some
Galois totally real field K/Q. (Because K is totally real, if R(GQ) ⊃ SL2(Fl)
and l > 3 then R(GK) ⊃ SL2(Fl). So this ‘potential automorphy’ is far from
vacuous). The way one does this is to look for an abelian variety A/K with mul-
tiplication by a number field F with [F : Q] = dimA, and such that R is realised
on H1(A(C),Fl)[λ] for some prime λ|l, while for some prime λ′|l′ 6= l the image of
GK on H
1(A(C),Fl′ )[λ
′] is soluble. One then argues that H1(A(C),Fl′ )[λ′] is auto-
morphic, hence by a lifting theorem H1(A(C),Ql′)⊗Fl′ Fλ′ is automorphic, so that
(tautologically) H1(A(C),Fl)[λ] is also automorphic, and hence, by another lifting
theorem, R|GK is automorphic. One needs K to be totally real, as over general
number fields there seems to be no hope of proving lifting theorems, or even of at-
taching l-adic representations to automorphic forms. In practice, because of various
limitations in the lifting theorems one uses, one needs to impose some conditions
on the behaviour of a few primes, like l, in K and some other conditions on A. The
problem of finding a suitable A over a totally real field K, comes down to finding
a K-point on a twisted Hilbert modular variety. This is possible because we are
free to choose K, the only restriction being that K is totally real and certain small
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primes (almost) split completely in K. To do this, one has the following relatively
easy result.
Proposition 4.4 ([MB],[P]) Suppose that X/Q is a smooth geometrically irreducible
variety. Let S be a finite set of places of Q and suppose that X has a point over
the completion of Q at each place in S. Let QS be the maximal extension of Q in
which all places in S split completely (e.g. Q{∞} is the maximal totally real field).
Then X has a QS-point.
In this regard it would have extremely important consequences if, in the previ-
ous proposition, one could replace QS by Q
sol
S , the maximal soluble extension of Q
in which all places in S split completely. I do not know if it is reasonable to expect
this.
Using this method one can, for instance, prove the following result.
Theorem 4.5 ([Tay]) Suppose that R is an irreducible weakly compatible system
of two dimensional l-adic representations with HT(R) = {n1, n2} where n1 6= n2.
Suppose also that detRl,ι(c) = −1 for one (and hence for all) pairs (l, ι). Then
there is a Galois totally real field K/Q and a cuspidal automorphic representation
π of GL2(AK) such that
• for all v|∞, πv has infinitesimal character H, and
• for all (l, ι) and for all finite places v 6 |l of K we have
recv(πv) = WDv(Rl,ι|GK )ss.
In particular R is pure of weight (n1+n2)/2. Moreover R is strongly compatible and
L(ιR, s) has meromorphic continuation to the entire complex plane and satisfies the
expected functional equation.
The last sentence of this theorem results from the first part and Brauer’s
theorem. We remark that conjecture 3.2 would imply that this theorem could be
improved to assert the automorphy of R over Q.
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